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Continuous-time signals: Fourier series and Fourier transform
representations, sampling theorem and applications; Discrete-time
signals: discrete-time Fourier transform (DTFT), DFT, FFT, Z-
transform, interpolation of discrete-time signals;

LTl systems: definition and properties, causality, stability, impulse
response, convolution, poles and zeros, parallel and cascade
structure, frequency response, group delay, phase delay, digital
filter design techniques.
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Fourier Series — Observations and Limitations

[ Real world signals are rarely periodic. }

Transient behaviour is common in Electronics and
Communication Engineering

The discrete spectrum is sparse and cannot carry
complex information
| |




Aperiodic Signal Representation in Frequency Domain

« A periodic continuous-time signal can be represented in frequency
domain using Fourier series.

= But in general, signals are non periodic.

= To address this, we use Fourier transform



- Transformation is the process in which either a time domain
signal is converted to frequency domain or frequency domain
signal is Converted to time domain so that the signal analysis
becomes easy.

. For any non-periodic signal as I - inpliesw, =0

- The discrete spectrum of Fourier Series is converted to
continuous spectrum in Fourier Transform.

. Extension of Fourier Series is Fourier Transform

- Fourier Transform is an extension of F.S to non-periodic signals.



Fourier Integral
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Fourier Integral

f(t)—— U f(r)e ™ dr} ! de

_

F(I(D)
O =-[ Fljoe"do  Synthesis

F(jo)= j"‘; (e ™ dt Analysis



Fourier Series vs. Fourier Integral

Fourier

Series: /()= icnej”“)"t Period Function
1 er/2 P :
c, == j_m f.(e ™ dt| Discrete Spectra
Fourier Lot Non-Period
ntegral: /=5 [ FG ol T o

F(jo)= jz f(e™dt] Continuous Spectra




Fourier Transform Pair

Inverse Fourier Transform:

x(t):i ~ X(jw)e™do| Synthesis

_ rad/sec
Fourier Transform:

X(jo)=[ x(t)e'dt Analysis




Fourier Transform

 Fourier Transform

x(t) = X(w)

(0.0)

X(w) = jx(t)e‘j“)tdt

—CO

1 [ |
x(t) = — jX(a))ef“)tda)
21



w = 21f 218 (w) = 8(f)
dw = 2ndf
% Proof: 2m6(w) = 2n6(2nf)
LET — x(t) = _[o X(fel?™rtqf =|§_Z|5(f)
- = 28 (w) = 6(f)

ET - X(f) = j x(t)e /2™ dt

— 00



Example Problem

If X(t) is a voltage waveform, then what are the units of X (f)

(0.0)

X(f) = jx(t)-e‘j2 dt

7|

= volts. sec

Sol:

So X(f) unitis volts.sec or volts/Hz

14 |



Conditions for existence of Fourier Transform

Conditions for existence of F.T.: (Dirichlet’s Conditions)

1. Signal should have finite number of maxima & minima over finite interval.
2. Signal should have finite number of discontinuities over finite interval.

3. Signal should have absolutely integrable.

_ — Impulse signal
i.e. jlx(t)|dt < ®_  Energy Signal

Dirichlet’s conditions are sufficient but not necessary.

5|



Calculate Fourier Transform for a given Signal

= Q: Calculate Fourier Transform for the signal

x(t) = e %u(t),a >0

= Sol: z ”

X(w) = fx(t)e‘j“’tdtz je‘atu(t)e‘j“’tdt

(0] — 00
0.0] (0.0]

:fe—ate—jwtdt:]e—(a+jw)t dt:]e—(a+jw)t dt
0 0 0
[e—(a+jw)t ® e-(atjw)o _ ,0

—(a+jw)



0

_ e—(atjw)t _ p—(atjw)o _ , p—(@+jw)oos y—aso , ,—jwoo
—(a+jw)f, —(a+jw)
e 4 =0,a>0
. 0-1
- —(a+jw)
1 e /™ = cosoo — jsinoo
s X =
SN R

« The cos & sin functions are not defined in the given range.

« Att = 100, complex exponentials & sinusoidal functions are undefined
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Fourier Transform of Right-Sided Exponential

:L‘(t) = e_atu(t), a >0 1‘\\
i I S~
oo e :

(o)
X(Jw) — / w(t)e_j“’tdt :/ e—ate—jwt dt | T t
- O (atswt
—_ ( 1 ) 8—(a-|—jw)t - _ 1
a+ jw 0 a+jw
IX(jo)l = 1/(a%+ of)'" £X(jo) = -tan” (w/a)
/2

ial —_— T
ez} JEJ4.
i _ _ 4\ a
: |

|
|
|
|
|
:
|
l
-a a ©

Even symmetry Odd symmetry
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Properties of Fourier Transform

Linearity — al.rl(r) +c:r2x2(r) — a]XI(w) +a2X2(w}
Time reversal — x(—1t) = X(—w)
Conjuction — x" (1) = X" (—-w)

Time shif ting — x(t— rﬂ) - X(W)ijmﬂ

1
Time scaling ~ x(af) (a#0) = 1 lx(w)
(1 't}

Freq. shif ting — e-w“rx(r) = X(w+ wﬂ)

Dif f . in time — d":g) = (Jjw) "X (w)




Properties of Fourier Transform

X(w)

t
Integration in time — f xb i)l di= + xX(0) .6(w)

Convolution in time — x (1) *x (1) = [Xi(w) -Xz(w}]

1
Multiplication in time — x (1) -x (1) = Z—[Xl(w) X, (w) ]
p

x, (1) -xy (1) = [X (F) *X,(f) |

d"X(w)
dwh

Diff . infreq. — t"x(t) =(j)"

1 )
Parsval's energy theorem — E=2—f | X (w) |>dw
T

=

0 |




Properties of Fourier Transform

1
Modulation —x(t) CDEWDT;‘E[X(W"' “"'u) +X(W_ wﬂ)]

Xt Sinwﬂr:—‘%[X(w+ wﬂ) —X(“”_ wn)]

o

Area of time — domain — X(w) = f x(1) e - Mdrt

X({})=f x(t)dt

21 |




Properties of Fourier Transform

Area under Freqg. Domain —

x(1) = 217': f X(w) 7wtdw

x(0) = 1 / X(w) dw
21T <

/ X(w) dw =25x( 0)

Area under X( w) =2nx(t) _,,

22 |




Proof of Properties of Fourier Transform-Linearity

1. Lineanty (Superposition)

ut)oX(e)| |and | [Xll) = Xa(@)

If

Then, a.X.{t+a x () < a,.X,(@)+a,X; (@)

Proof: o = 3
[[ax(t) +ax (]e=dt=a, [ x(te~dt+a, [ x,(e~'dt

= a( @) + 3:X: (@)

5 |



Proof of Properties of Fourier Transform- Time Shifting
2 Time shifting

It | x(t) = X()

Then, x(t—t ) = X (w)e ™

T

dr

Proof: | | Let ||t =t—-1f;| |then|/f=7T+k| |and

Tx[f— b )e " df— rx[r}e'f”“”“dr

—r —

= e~/ [ x(r)e e dr

| — &1 X ()

—




Proof of Properties of Fourier Transform- Time Scaling
3. Time Scaling

] x()=X(w») [then

Proof: || Let and |at={1/a)dr

If, a=0then

- - - S L=
T e 3 L - & e
T B A e O L e o E e i
1 i - ] H LLY
i . - e i ) e
v 1 - e v |




Proof of Properties of Fourier Transform- Duality

4. Duality (Symmetry)

If x(f) = X{&) then

X () = 27 x(—@) or| [X(HSx(F)
Proof: Since tand o are arbitrary vanables in the inverse Founer
transform

x(t)= lz;_[ X(e)edew

we can replace o with t and t with - @ to get

x(~e)= % o et Thﬂre'mr.e’
F{X(O} = | X (H)e-=dt = 27x(-)




Proof of Properties of Fourier Transform- Time Reversal

Time Reversal

If x(f) = X{®) then
x(—1) & X(—w)

-Pmnf: i let t=z.Then t——7r and di=—dr

Tx[—f}e—f“df = [ x(r)e "= dr = X (~w)




Proof of Properties of Fourier Transform- Frequency Shifting

Frequency Shifting
If x{if) =Xl then

x(t)e ™ & X (0— @)

Proof:

T x(t)e™ g™ df= f x(t)e oS gt = X (- )

28 |




Example: || Determine the Fouriertransform of cos .t and sine.t

X(t)= cosmf = %ef’*’ +%e‘f‘%’ = X(w)=7|de-w)+de+a)]

or

x(f) = cos@f = %eiﬂ# § %e‘*"‘“ & X(f)= "E[ﬁ[f— F)+ (f + £)]

t X

1/2

P

- i, f

The phase spectrumis zero everywhere.




- g -
2]

X(t)=sineft = Eljef““ il = X(w)=-jr|de- o)- d@+o))

i 1. 1 __; —j
x(tY=sinmt=—e™ _—gi o xifi= L[5F=F1-8(F+F
(t) S 2] (f) E[[ J-=68(f+f)]

4 [X(F)]
t
1. | 3 T
(f)
2
| ;
£, ‘ £
-
30 ‘




Proof of Properties of Fourier Transform- Modulation

7. Modulation

If x(f) = X{(w) then

x(t)cos{w t) < ‘gX[m— @)+ X(w+ )]

Proof:

T x(t) cos(adt e = dt = Tx{t} %LEM el et
i :f } ) ]
= E“ x(t)e e gt + | x{t}e‘“"’*‘*“dtj

—

= %{I{m—mc}+x{m+m J]

31 |



Proof of Properties of Fourier Transform- Time Differentiation

8. Time Differentiation:

If x(f) < X() then| General case
d"x(t z
‘Mﬂ' = s jmX (o) B, @) "X(w)
Proof: Taking the denvative of the inverse Founertransform

1= _
xt)= [ X(@edo
27

—i

we obtain | [@x(f) _ 1 mf joX(w)el“dw
gt 2z

Therefore
”—fj‘i{l@ joX(w)

32 |




Proof of Properties of Fourier Transform- Convolution
I.‘-‘l 1. Convolution

If x[t} = X(@) () < Hiw),and )< Y(w)

Hf} - hi(t)* x(t) = Ihzr}xrf r)dr
Y(w)=H(w)X(w)

Proof:

_--.

¥ (@) = j jh[r}x{f r}er}e it

Inter::hangmg the order of mtegratmn we obtain

Y(w) = jph(r}l TIH — e =dt I—t|1‘r Yio)= f AE)X (@) dr= Iim},f h(z)e ™ dr
s 1| —XHe)

33 ‘




Fourier Transform for Real Functions

If f{t) is a real function, and F(jo) = Fx(jo) + jF(jo)
= F(-jo) = Fjo)

F(jo)= | f(t)e 'dt

F*(jo)=| f(t)e™'dt =F(-jo)



Fourier Transform for Real Functions

If 1{t) is a real function, and F(jw) = Fx(jm) + jF(jm)
=) F(jo) = F(jo)
mm) [ (jo)iseven, and F(jw) is odd.

o) =Fdio)  Flio) = —Fjo)

/

mm) Magnitude spectrum |F(jw)| is even, and phase spectrum
d(m) is odd.

%




Fourier Transform for Real Functions

If f(f) is real and even If f(f) is real and odd
m) [(jo) is real % mm) F(jo) is pure imaginary
®f) ®f)
Bven - mmmp f(1) = f(-1) 0w f(1)=-f(-1)
=) F(jo)=F(-jo) =) F(jo)=-F(-jo)

Real m) F (- jo)=F *(jo) Real mm) (- jo)=F *(jo)

=) F(jo)=F*(jo) == F(jo)=-F*(jo)

V



Example Problem -Fourier Transform of e u(-t) for a>0

2) et u(-t) a>0

\l}

Using time reversal property

F.T
F(x(t)) < TX (w)

F(x(-t)) & X(—w)
X(—~w) =

a—jw
FT 1
eMu(—t) <

a—jw
v



Example Problem -Fourier Transform of §(¢)

3) x(t) = 6(t)

X(w) = j T 8(0). et gt

X(w) = e O (since t=0, time shifting property of impulse )

X(w)y=1 -- S5 Ct) < FE=F 5, 4
AT
f= 3 -4
x - S e - T’K
s .y S,
« < = -

Spectrum of impulse is constant for the frequency

B



Example Problem -Fourier Transform of e~

Que:y(t) = et >0 find Y(w)

Sol: y(t) = e~altl
= e <0,
=e % 0,
= e u(—t) + e u(t)
1 1

Y(w) = — 4 .
a—jw a+jw

39 |




Duality Property

« The Duality Property tells us that if x(t) has a Fourier Transform X(w)

- If we form a new function of time that has the functional form of
the transform, X(t), it will have a Fourier Transform x(w) that has the
functional form of the original time function (but is a function of

frequency).
() X(w)
Xit)e 2nx(-wm)

0 |



Duality Property

Property of duality

x(t) =X(w) (t=-—w)
X(t) =2nx( —w)

x(t) =X(f) (t=-1)
X(t) =x(—-1)

41 |
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Duality Property based Problem -Fourier Transform of i

a+jt

1
0 W=7 T x(w)F?

Sol:
° 1

a+jt

x(t) =

e_atu(t), a>) e

42 |



2a

Duality Property based Problem -Fourier Transform of—

a?+t2
Q 2a —_— ( )—'?
_x(t):a2+t2 X \W)=1
Sol X(t) — 22& _
a“+t (t = w)
e_altl a>0=b Za
a? + w?
chw =t) (t = —w)
7 2 e 2mea-wl 50
a
2a
74 2 ey, 2 @@l >0
a

B



Duality Property based Problem- Fourier Transform of A,

Q: x(t) =4) ——— x(w)=7?
Sol A8 (L) e A,

(w=1t) (t = —w)

AO _— 27T140 6(_(1))

A,=DC Signal —— 214, 6 (w)

44 |




Find the Y (w) in terms of X (w)

x(t) X (w) .
Frequency Shifting property
y (t) Y (w)
1) y@) =e2x(t) .
Sol: Y (w) =x(w—2) e /Pty (t) = x(w+ wy)
(i) ¥y =x(-21) Time Scaling property
: 1 ,—
SOk y(w) =EX(T‘”) 2(at) @ # 0 ome ITltlx(%)
(isﬁl) y(6) = x(2t =3) 3 Time Shifting property
ol
= x(2t-3)=x[2[t—2 .
YO =x(2e=3) ,x[ (t 2)’ x(t—ty) —— e J?ox(w)
Scaling Shifting
4@ =2x(2) K@) = x @) e 15

o | YW = 3x(3)e7 =



If y(t) = x(—2t — 4) Find its Fourier Transform

Sol: — ALl i - .
Scalin N Time Scaling: x(at) a # 0 Ialx(a)
] Shifting
a=-2 to =2
Y(w) = lx (ﬂ) )20 Time Shifting property: xX(t —ty) e—— eTI®0 ¥ ()
2 2
) '1-(."') J
i
Y(w) =?
L
2(t)

>2(2t] — *I’}(H-J_] Y = =% [2(+ +1)

/T\ /1\ AN

y(6) = '—x[(zct + 1]
o | Y(w) = —%x(%) e/® wheret, =1




y(t) = x(t) * h(t) W

g(t)=x(3t) * h(3t) —— (ii)

if g(t) = Ay(Bt) then calculate A and B Second method:
Sol: y(t) = x(t) = h(¢)
From equation (i) 1
Y(®) = x (0)H(w) (i'ii) x(at) * h(at) = my(at)
From equation  (ii) a=3
G — [ (@)L H(%
6(@) =5Ix(5)H ()
G(w) = %[Y (%)] From equation (i) By comparing with g (t) = Ay(Bt)
G amt B3
gt) = % [y(3t)] By comparingwith  g(t) = Ay(Bt)
A= 1 B =3
=3 =

47 |



x(t) = sgn(t) X(w)=?

Sol:
2(
‘f‘ﬂ =25(1) 2
TQ- x(t) = sgn(t) e=——=  x(w)= ]W
| >4
dx(t)
e 25(t)
FT

®




49

Find the Fourier Transform of the following Function
Y& == Y(w0)=?

[ >{. Second method:

Q:

Sol:

y() =1+ x()

FT
":-ﬂrz.s(—U avg = % HomEmtay t)
TQ_ _ Y(w)= 27T5(w)+jiw
| >4 =218 (w)

dy(¢)

T 26(t)

joY(w) =2

Y(w)= ]iw wrong




Find the Fourier Transform of the following Function

Sol: . Second method:

dzCy
Lf a4+ z(t) = 3 + x(t)
: : >4 FT
Z(w)=6m6(w)*+x (w)
2

dz(t) — 250 avg = 4+2 Z(w)= 6n6(w)+ﬁ

de 2
wZ(w) = 2 =3
JORLT= =3 x 2n6(w) = 6mé(w)

Z(w)= w wrong

Z(w)= 6n6(a))+jiw

0 |



Find the Fourier Transform of the following Function

Example: FT of a Rectangular pulse

7 = pulse width
tp- (D)

r
Given: a rectangular pulse signal p (7) < 1 -

=
2

z
2

Find: P (w)... the FT of p (7)
Recall: we use this symbol
to indicate a rectangular
pulse with width =

Note the Notational Convention:
lower-case for time signal and
corresponding upper-case for its FT

Solution:

Note that
1. —=
2. @E)= 2

0, otherwise

= gax X
=

51 [




MNow apply the definition of the FT: Limit integral to
) L where p () is non-
P(w)=[" p.(ye’'™dt= [e'™dr | zero.._anduseihe

fact that i1t 1s 1 over

—r/2 P
= that region

mmserted 2 1n
numerator and
- denominator

_"l."
P & Use Euler’s
=sin| —
2 Formula
A

[ e sin goes up and down
2?21 &T_T] between -1 and 1 j

= (ﬁ?} == 3 1/ decays down as || gets
2 big... this causes the overall

function to decay down
2 | =1

T mr |
=y [E_jﬂ]% 2]l e 2 —e 2 Artificially |
-
L




Fourier Transform of Rectangular or Gate Function

4) Rectangular (or) Gate function:-
. X(t)= Arect(UT) (o) An(t/T) +— AT SinC(aT/2)

0 L 1 ELU S L 0 . it A




} IR R ST Find the Fourier Transform of the following Function

Sol:

05 (0+3) A (c-3) I
wT
=A’L'Xsa(7)

. T . T
joX(w) = Ae’®z2 —ge™/?2

X(w) = 2 /97 _e7io3] ' N
jo r___r? (W)= A sa(*L)

wT -<
“ | =,iX2szin!—! E = £ 7




Find the Fourier Transform of the following Functions

- y 1 . > ‘&
Sol: : '
wt Sol:

X(@) = arXsa(5) y(£) = x(t + 6)
w4
= 9X4X 54 (7) Y(w)= X(w)e/®®
X(w) = 20 sa(w) Y(w) = 20 sa(2w) e/*°

5 |



Find the Fourier Transform of the following Function

Sol: ) | +t)
A bl
X{(w) = 40sadw) X, (w) = 12 saBw)

x(t) = x1(t) + x,(t)
X(w) = X1(w)*+X;(w)
5 | = 40 sa(d4w) + 12 sa(3w)
N B



x(t) = Apsa(t) Draw FT X(w)

A A
- 2mm = 2m—= 27T212= ko
B 211m™ =.‘_‘!_9.T.’! '
= T— 4T
o - ol
¥E-E 0 =T L Ag sa(kt) == ——- £
it
MT sa (?) Ap sa(kt)
mt =A0 kzg

7 |



Find the Fourier Transform of the following Function

Q. x(t) =3 sa(4t) X(w)
Sol:
Compare with 4, sa(kt)
A0=3 k=4
P
Aol
(L5
¥ o
4 4
Ay _3T

58 |




Fourier Transform of a Gaussian

x(H)=e* — A Gaussian, important in

probability,optics, etc.

X(jw) x(t):e_atz X(jm)zge—mzmcz

- / ey

> T 1/42 X(0)/+2

m W ‘w .w
- / emelrse () ral8)

— 00

~ t+ 42 y w? n2

— [f e_a( +%) dt] e 4a o o a2 a2

— O

\/%r/a

(Pulse width in #)*(Pulse width in w)
_ T = AtAw~ (1/a2)s(al2) = |
a

59 |




60

Summary of Fourier Transform Properties

Signal JC( t)

Fourier transform of a signal

x( 1)
x( D) X(w)
S(C1r) 1
u( 1) jiw+:=5(w:-
segn( 1) =
Jw
A 27&405( w)
e Yyu(r), a>0 1
a —+ jw
e~ Nty , a=>0 2a
az4+ w?2




Summary of Fourier Transform Properties

Signal X (1) Fourier transform of a signal
x( 1)
cosw f a[5(w+wo) + 5(w—w,) ]
Siﬂwgf :rj:ﬁ(wﬂ-wﬂ)—ﬁ(w—wﬂ)]
periodic signal - ”=Z°° . 5( . nwﬂ)
nH=— oo
> 8( 1—nT) g 3 5(w—nw,)
EJFW of 21:5( w— wﬂ)
> —Jw gyt Zmﬁ( W+ WU)

61 |




The Fourier transform of x(t) = u{(t)+28(3 — 2t) is
(where u4 (t) the differentiation of an impulse)

. _ . _ 3w . 2w
a)l+e’/z b)2+3e/@ 0 jo+e d)jow +e™'3
Sol: » (t)= dé(t)
dt

1 3
20(3 —2t)=26(2t —3)=2X 56 (t — E)

= 5 3
(+-3)
FT (u(t))=jw

3w

| FT(x(t)=jo+e=
TTHEE I



Problem and Solution

6[t—to] S
a

(a)[ale /% (b) 1/jaje/®t
(b) S(w-w,)e /@b (d) e J@b

The Fourier transform of [

1) = Jalc

Sol: o(

65 |



Match the following

List I (function in time-domain)
A. Delta function

B. Gate function

C. Normalized Gaussian function
D. Sinusoidal function

List II (F.T. of the function)

1. Delta function

2. Gaussian function

3. Constant function

4. Sampling function

A B C D
@l 2 4 3
M3 4 2 1
©1 2 2 3
@3 4 4 1

o |



Sol: Function In Time F.T. of Function

Delta function d(t) = constant function
—(3)
Gate function n(t) = sampling function
—(4)
Normalized Gaussian Function = Gaussian function — (2)

Sinusoidal function = Delta function—(1)

65 |



Match the following
List I (signals)

(A)g(t-2)
(B)t g(t)
(O)g(-1)
(D)G(3t + 1)

List II (Transform)

(1) jd/do G(w)
(2) 1/3 G(w/3)eT/@/3
(3) e 2*G(w)

66 | (4) G('(D)



4. Ans: (b)
Sol: Signals E.T
g(t-2) G(w)e™/2¢ —(3)
t g(t) Frequency differentiation
i Gw)—(1)
g(-t) Time reversal property
G(-0) —(4)
G(3tt+1) Scahng & shifting property
. 62 €5 -(2)



Let x(t)eX(w)= { 1, o<1
0, |o/>1

Consider y(t) = dzx(zt) Then value of f ly(t)|2 dt is
3 2

(a) (b) 3
1 1

(©) o (d) gz

68 |



Sol: Y(0) = (jo)>.X(m)

7y dt =—[% |Y(e]2 dt

5

1 (1 1 w
= 4d(1) - = 1

1
=2

6 |



A Signal x(t) = 8 — 8cos? (6mt) is passed through an ideal LPF.
The filter blocks frequencies above SHz. Find the output?

0|



x(t) = 8-8cos? (6mt)

_g_ 8[1+cosz(127tt)]
x(t) = 8 —4 —4cos(12nt) AH®)
X(t) =4 — 4cos(12nt)
> f

The frequencies of x(t) are 0,6Hz =2

6Hz frequency is not allowed only ‘0 Hz’ is allowed y(t) = 4
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The transfer function of a system 1s given by

24+2jw
44+4jw—w

H(ow) = 2

Find the output if input is x(t) = e~ u(t)
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. _ 2+2jw _ 24+2jw
Sol: H(w) s+4jo+(jo)* (ot 2)°

x(t) = e~ tu(t)

1
1+jw

X(w) =

242jw 1
(2-|—jw)2 1+jw

= y(t) = 2te ~2tu(t)

Y(w)=H(w).X(w) =

V@) = gy
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Find the frequency and impulse response of a filter whose
input — output relation 1s described by the following equation

Y(t) =x(0)- 2" y()etPu(t-1) dx



Sol: y(t) = x(t) - 2 y(X).e~EDu(t — A)dA

y(t) = x(t) — 2[y(t)*e ™" u(t)]

Y(w)
1+jw

Y(o)=X(w) -2

]

Y(O)[1+ 1721 = X(@)

_Y(w) 1Hjw
H(w) = X(w) 3+jw

H((D) =1- 3+2ja)
- h(t) = §(t) - 2e ~3tu(t)




The output and mput of a causal LTI system are related by the
Differential equation

2
T OV 4 gy = 2x(1

(a) Find the Impulse Response
(b) Find the response if x(t) = te ~%fu(t)
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2
a) S OB 4 gy =2y

(jm)? Y(o)+ 6joY (o +8 Y(w) =2 X(m)

B 2 B 2
H(w) = (jco)2 +ejw+  (jw+2)(jo+4)
H(o) = N B 1 1

(]oo+2) (]co+4 (Jw+2) jw+4

h(t) = (e~ 2t- e~ *t)u(t)

b) x(t) =te 2tu(t) X(o) = (2"1;@)2

2
(jot+2)3(jo+4)

Y(0)=H(n).X(n) =
/ / / /
Y(w) = go§+42) Gotr t GeotT Ttie

_ 1 _
77 | Y(t) ( e “- 2 2t+t2 2t _Ze at )u(t)
—



A LTI continuous—time system has frequency response H(w), itis
know that the input x(t) = 1+4cos(2mt)+8sin(3nt — 90° ) produces
the response

y(t) =2 — 2 sin(2mt). Then H(w) at w = 3m is

(a)0 (b) 1
(c) (1/2)e~I™/2 (d) None of these

5|



Sol: If input x(t) = cosm,t
Frequency response H(w), then output

y(©) = [H(wg)l|.cos(w, t+ £H(, ))

So H((D) |0)=3T[
3’ in y(t)

= (0. Because, there i1s no term of
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X(w) is the Fourier transform of x(t) shown below. The value of I |X(m) \2 do (rounded

=00

off to two decimal places) is




nY

L]

L]
L] L] ] L]
—g—2 A 1@ a3

ﬂ_|c"|..>«f(m)l2 do = znT | x(t) [Edr =2uT |y(r)|-’=‘df
- 2><2:t?|y(t}|2dt
—
. | 0O
- zxzn[_[(r+2)2arr+ [ (@t + 3)%?]
T =

T re+221"  (@t+32)°
= 4t {+:3—*}_2-+{:3><£§—}*1}

= 4n 1_0+33_1] 4n [3

&
1
= 411::<|:3 :I 4nx|:3+?]
14 561
81 | = 47T< s ——



Ans.

(58.61)

T | X() F dw

~¥

2nT | x(t) |7 ot =2nT | w(t) |7 ot

0
2x2n [ |y | at

_—1 0
2x 21:[]' (t+2yat+ [ (2t + 3)%@]
-2 -1

t+2317"  [t+32]°
nl {22} (EeP)

i 3
an| 129, 3 ‘1]=4n[1+@]

| 2 6 > S
1 26 1 13
4nx|:§+€]—4nx|:§+€]
ron 14 567




Problem and Solution

The Fourier transform of a signal f(f) is H(jw) = (2cosw) (sin2w) /w. The value
of h(0) is

(A) 1/4 (B) 1/2
(C) 1 (D) 2
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Option (C) is correct.
HULLJ} i (2 CDS{U} (Si.ﬁ 2{1)} - sin 3w g sinw

£y it wt

We know that inverse Fourier transform of sin ¢ function is a rectangular function.

A by (1)
1/2
F sin 3w
- W
—3 0 3 t{sn:}
$ hy(1)
1/2
/ h sin w
0 w

So, inverse Fourier transform of H(j.)
h() = () + h(0)
h(0) = m(0) +m(0) = 5 +5=1

|



Problem and Solution

The signal x(f) is described by
1 for—1=t=+1
x(f) = |
0 otherwise

Two of the angular frequencies at which its Fourier transform becomes zero are
(A) w, 2w (B) 0.57, 1.57

(C) 0, =« (D) 27, 2.57

& |



Problem and Solution

Option (A) is correct.

I (M o o
We have .&’(I}=I1 for—1=r=+1
0 otherwise
Fourier transform is
[ “ePx(d) dt = Ll e dt = _LF[E‘J”’I_]]

= #(E_ﬁ— e’ =$(— 2jsinw) = 25“}“‘*

This is zero at w=m and w=27w

8 |




Problem and Solution

Statement for Linked Answer Question

The impulse response f(f) of linear time - invariant continuous time system is
given by h(f) = exp (— 2f) u(t), where u(t) denotes the unit step function.

Q. The frequency response H(w) of this system in terms of angular frequency w, is
given by H(w)
1 sinw
(A) 1+ 2w B) W
1 .
(C) 2—|—jw (D) 2-|—ju.'
Q. The output of this system, to the sinusoidal input x(f) = 2cos 2t for all time ¢, is
(A) 0 (B) 27" cos (2t — 0.1257)

(C) 27%cos (2t —0.1257) (D) 27" cos (2t — 0.257)

a |



Problem and Solution

Sol. Option (C) is correct.
h(H) = e 2u(d
H(j) = [:h(f} et dr

_ (gt gp [Pt gy 1
_!"Eedf_ge dr D)

Sol. Option (D) is correct.

1
H) =359

The phase response at w = 2 rad/sec is

ZH(jw) =— tan_'% =i tan_I% =—2 ——0.257

Magnitude response at w = 2 rad/sec is

i 1 _ 1
et _\/22+w2 - 2V2

|

Input is x(f) = 2cos (21)
Qutput is = ﬁ x 2 cos (2t— 0.25m)
= %C{}SIZI— 0.257]
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Problem and Solution

Let x(f) — X (jw) be Fourier Transform pair. The Fourier Transform of the signal
x(5¢t—13) in terms of X(j.) is given as

(A) %e—%x(%’_) (B) %E%X(%”—)
©) e X(4) D) e X(%)




Problem and Solution

Option (A) is correct.

x(0)
Using scaling we have

x(58 <~ 1){(1;’)

Using shifting property we get
x[ﬁ(f—%) -rir%x(%ﬂ)e—%

X{(jw)

0 |




Problem and Solution

Let x(n) = (3)"u(n), y(n) = x°(n) and Y(e”) be the Fourier transform of y(n)
then Y (e")
(A) % (B) 2

(C) 4 (D) +



Problem and Solution

Option (C) is correct.

F(s) = =L
W e
L7 F(s) =sinw,t
f(t) = sinw,

Thus the final value is —1 =< f(x) <1
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Problem and Solution

The output y(f) of a linear time invariant system is related to its input x(f) by
the following equations

y(O=05x(t— 4L+ T) Fx(t— &)+ 05x(t— L+ T)

The filter transfer function H(w) of such a system is given by
(A) (1 +coswT)e™™ (B) (1 +0.5coswT)e™*
(C) (1 —coswT)e ™™ (D) (1 =0.5coswT) e

6 |



Problem and Solution

Option (A) is correct.
y(O =05x(t—ts+T) +x(t—t;) +05x(t—ty— 1)

Taking Fourier transform we have
Y(w) = 056D X () + e X (w) + 0.5 X ()
or ¥lw) = g0.5e™" + 1 4+ 0.5e77]
X(w)
= e ?M[0.5 (e + e M) + 1] = eM[coswT+ 1]

Y(w)

or H(w) = X0

= 7 (coswT+ 1)

T



Problem and Solution

For a signal x(f) the Fourier transform is X (f). Then the inverse Fourier transform
of X (3f+ 2) is given by

(A) %X(%)eﬁ“ (B) %x(%)e‘%“

(C) 3x(3p) ™™ (D) x(3t+2)

% |



Problem and Solution

Option (B) is correct.
x(f) ~— X(f
Using scaling we have

x(at) L. ﬁ}{(g)

Thuss J{(%f) —£.3Xx@38
Using shifting property we get

e ™ x () = X(f+§)

4
Thus ée‘f'ﬁ‘x(% r) £ . X(3f+2)

E_ﬂwgrx(_%f) L.3X@3(+%)

I _J'H%t l -q—--—F > 2
7€ A’(3t) X[3(f+3)]
% |



Problem and Solution

The Fourier transform of a conjugate symmetric function is always
(A) imaginary (B) conjugate anti-symmetric

(C) real (D) conjugate symmetric

Option (C) is correct.
The Fourier transform of a conjugate symmetrical function is always real.

a |



Problem and Solution

Let x(f) be the input to a linear, time-invariant system. The required output is
47 (t— 2). The transfer function of the system should be

(A) 4e™ (B) 26~
(C) 4e~ (D) 2e*

% |



Problem and Solution

Option (C) is correct.

y(0 = 4x(t—2)
Taking Fourier transform we get
Y (™) = 47 X () Time Shifting property
or Y(Eﬁrr) — 4E—dﬁf
X(EJEM")
Thus H(e?™) = 4e v

% |



Problem and Solution

The Fourier transform F{e 't (f)} is equal to T —|—jf21'r - Therefore, F. { i —|—jf2:¢ f} is
(A) e'u(h (B) eu(f
(C) e'u(—19 (D) e u(—1)

Option (C) is correct.
From the duality property of fourier transform we have

If x(t) ——— X(#
Then X)) ———x(—1

. —t FI 1
Therefore if e “u(t) T 27
Then i —|—jf2'ﬂ.‘f s e u(—hH

100 |



Option (C) is correct.
From the duality property of fourier transform we have

If X {f} o X {f:'
Then X(1) 2. x ()

: i FT _ 1
Therefore if e u(l) 1 + j2nf
Then 1—|—jf21rf e ErH(—ﬁ
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Problem and Solution

The Fourier Transform of the signal x(f) = e is of the following form, where A
and B are constants :

(A) Ae 8 (B) Ae
(C) A+ B|f] (D) Ae™™

Option (B) is correct.

Since normalized Gaussion function have Gaussion FT
—af e [T =i

Thus s ,\/ 3 IS
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Problem and Solution

If [f()] = F(s), then|f(t— T)] is equal to

(A) e’ F(s) (B) e F(s)
(©) IFT(SJT (D) lff_)sr

Option (B) is correct.

If LIF(D] = F(s)

Applying time shifting property we can write
Llf(t= D] =" F(8)

03 |



Problem and Solution

A signal x(f) has a Fourier transform X(w). If x(f) is a real and odd function of
t, then X(w) is

(A) a real and even function of w

(B) a imaginary and odd function of w

(C) an imaginary and even function of w

(D) a real and odd function of w

Option (A) is correct.
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Problem and Solution

The Fourier transform of a real valued time signal has
(A) odd symmetry (B) even symmetry

(C) conjugate symmetry (D) no symmetry

Option (C) is correct.
The conjugation property allows us to show if x() is real, then X(j.2) has conjugate
symmetry, that is

X(—ji) = X* (i) [x(0) reall
Proof :

X(juw) = fx(zj e dt

replace w by —w then

X(=ju) = fx{t)e"‘”dz‘

X* (1) =I [x(0 e drr — [x0ed
if x(f) real () = x(O) -
then X = [x(0erdt=X(— )
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